
SM Differential Equations

Separation of Variables

Example

Solve the following differential equation:
dy
dx

= y2 cosx

dy
dx

= y2 cosx

⇒ 1
y2

dy
dx

= cosx

⇒
∫

1
y2 dy =

∫
cosxdx

⇒ −1
y

= sinx+K

⇒ y =
−1

sinx+K

Fact — In general, if we have a differential equation of the form
dy
dx

=
P (x)
Q(y)

then we can solve it by

equating
∫

Q(y)dy =
∫

P (x)dx

Example

Solve the differential equation x3 dy
dx

+ 3x2y = x4
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SM Differential Equations

Linear First Order Differential Equations

Fact — If we have a differential equation of the form

f (x)
dy
dx

+ g(x)y + h(x) = 0,

then it is a linear, first order, differential equation

Definition. It is linear because

Definition. It is first order because

Fact — The standard form of a first order linear differential equation is

dy
dx

+ P (x)y = Q(x)

Example

Find the general solution of the differential equation
dy
dx
−
y

x
= x

We first calculate the integrating factor ∫
P (x)dx =

∫
−1
x

dx

= − lnx = ln
1
x

We then multiply both sides by eln 1
x = 1

x , so

1
x

dy
dx
−

y

x2 = 1

d
dx

(y
x

)
= 1

⇒
y

x
= x+C

⇒ y = x2 +Cx
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SM Differential Equations

Integrating Factors

Fact — To find the general solution of the differential equation f (x)
dy
dx

+ g(x)y = h(x) using an integrat-

ing factor:

Step 1: If g(x) = f ′(x), write the equation as d
dx (y · f (x)) = h(x) and go to Step 6.

Step 2: Divide the equation by f (x) to obtain the standard form
dy
dx

+ y · p(x) = q(x).

Step 3: Find the simplest integral of p(x); denote it by I(x).

Step 4: Write u(x) = eI(x), and simplify this if possible. This is the integrating factor.

Step 5: Multiply the equation (in its form after Step 2) by u(x), and write the equation as
d

dx
(y ·

u(x)) = q(x) ·u(x).

Step 6: Integrate the equation with respect to x, including an arbitrary constant.

Step 7: Put the solution into the form y = . . . by dividing by the function which multiplies y (that is
u(x) or f (x)).

Example

Find the general solution of dy
dx cosx+ y sinx = tanx
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SM Differential Equations

Example

Find the curve through (0,1) whose equation satisfies the differential equation y′ + y = ex
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